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The free energy of activation for viscous flow is related to an entropy and energy of activation 
by the same equations as any equilibrium. This, for the theory of viscosity is perfectly general 
and independent of the mechanism. The rolling over each other of pairs of molecules lying in 
adjoining layers is the mechanism which appears to be the most probable, and the equations for 
this bimolecular flow process are developed here. At low pressures the heat of activation for 
viscous flow is about one·third the energy of vaporization, but as the pressure is raised, it 
increases rapidly because of the work term, PVln'. Here P is the external pressure, V is molal 
volume and Vln' is the extra volume required before the flow process can take place. Calcula­
tions made for "·pentane, ether, benzene, iso'pentane, water, and mercury over as extended a 
temperature and pressure range as the data permit are found to agree satisfactorily with the 
experimental viscosity. The results are interpreted in terms of the liquid structure and the 
mcchanism of viscous flow. The results· of applying our theory to the liquids for which the 
necessary data is available show that the effect of pressure on viscosity can be calculated 
a priori, with thermodynamic data only, with reasonable success. 

TilE general equation for the rate of any 
process in which matter rearranges by sur­

lIIoun ting' a potential energy barrier has been 
propo5ed in the following form :1-3 

k' = K(F* / F,.)(p/m*) , (1) 

where F* is the partition function for the acti­
\~Ited complex per unit length normal to the 
potcnt ial barrier, p is the corresponding average 
1110lllcntum, and m* is the reduced mass. F,. is the 
p.lrti tion function for the normal state; K is the 
tr.lnsmission coefficient, the chance that a system 
h.l\"i n~ once crossed the potential. barrier will 
'\'.Ict and not recross in the reverse direction . 
Eq. (I) states that the absolute rate of a reaction 
i~ the product of the number of molecules per 
unit length in phase space at the top of the 
h.mier by the velocity at the top of the barrier, 
multiplied by an efficiency factor. 

We assume that there is no "tunneling" under 
the barrier, and that the activated complex has 
nearly all the properties of an ordinary molecule 
except that instead of having only the three 
regular transl~tional degrees of freedom, it has 
a fourth, along which it approaches the barrier, 
crosses it, and flies to pieces. We can now write 
(F* / Fn) as (Ft / Fn)(271"J.L*kT)l /h exp (-IlEo/kT) 
where Ft is the partition function of the activated 
complex without the fourth degree of transla­
tional freedom per unit length represented by 
(271"J.L*kT)11/h, and IlEo is the energy of activa­
tion. The usual expression for the average veloc­
ity in the forward direction across the barrier is: 

.. This paper was presented on December 29, 1938 at the 
rlll,burgh symposium of the Society of Rheology. 

II~. Eyring, J. Chern. Phys. 3,107 (1935). • 
'I·.,·ansand Polanyi, Trans. Faraday Soc. 21, 875 (1935). 
I W. Wynne-Jones and H. Eyring, J. Chern. Phys. 3, m (1935). . 
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(p/JJ.*) = (kT/21rm*) 1 

and Eq. (1) becomes 

k' = K(Ft / F,.) (21rm*kT)!/h 
Xexp (-IlEo/kT)(kT/21rm*)1 

(2) 

=K(Ft/Fn)kT/hexp (-IlEo/kT). (3) 

Assuming K = 1, this becomes 

k'=(Ft/F,.)(kT/h) exp (-tlEo/kT). 

, ' 
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We now review 4- s briefly the application of 
this general theory of reac.tion rates to liquids 
and treat certain aspects more explicitly. The 
most probable mechanism of liquid flow is the 
rolling past each other to new equilibrium posi­
tions of pairs of molecules in adjoining layers; 
the frequent occurrence of this basic process 
shifts the layers of molecules and constitutes 
flow. This process is illustrated in Fig. 4 of 
Hirschfelder, Stevenson and Eyring. 7 The con­
figuration in which the molecules are halfway 
by each other, having broken part of their bonds 
and having also accumulated the necessary extra 
space, constitutes the activated complex. The 
activation energy required for the passing of the 
molecules is the energy of activation of viscous 
flow, t:.&is( =t:.Eo) . 

The distance measured along the velocity 
gradient between two neighboring pairs of mole­
cules sliding past each other is taken as Xl. The 
average distance between equilibrium positions 
in the direction of motion is taken as X while the 
distance between neighboring molecules in this 
same direction is X2, which mayor may not equal . 
X. X3 indicates the molecule-to-molecule distance 
normal to the direction of motion and to X2 and 
Xl. By definition we have for the viscosity 
t'J = j'Ad t:.v. Here j is the force per square centi­
meter tending to displace one layer with respect 
to the other, and t:.v is the difference in velocity 
of these two layers which are at a distance Xl 
apart. The force acting on a single molecule is 
j'A2X3, and it acts to lessen the work of passing 
over the barrier through a distance X/2, so that 
in the forward direction the height of the barrier 
is in effect lowered by the amountj'A2X3X/2, while 
in the backward direction it is raised by the same 
amount. The number of times that a molecule 
moves in the forward direc;tion in a second may be 
written as the corresponding specific reaction rate: 

kl = (pt / Pn)kT /h 
Xexp [ - (2t:.Eo- j'A2XaX)/2kT]. (4) 

For the backward direction: 

kb = (pt / Fn)kT /h 
Xexp [ - (2t:.Eo+X2X3X)/2kT]. (5) 

• H. Eyring, ]. Chern. Phys. 4, 283 (1936). 
6 R. H . Ewell and H. Eyring,]. Chern. Phys. 5, 726(1937). 
6 H. M. Smallwood, ] . App. Phys. 8, 50S (1937). 
7 Hirschfelder, StevenSQn and Eyring, ]. Chern. Phys. 

5, 896 (1937). 
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Hence: 

t:.v=X(kl-kb) (6) 
= X(pt / Pn)hT /h 

Xexp (-t:.Eo/ kT) {exp j'A2X3/ 2kT) 
-exp ( - j'A2XaX/2kT) J 

=X(pt/Pn)kT/h 
Xexp (-t:.Eo/kT)2 sinh (j'A2X3X/2kT) 

and 

11 = j'Ad t:.v = j'Al[X(Ft / Fn)kT /h 
Xexp (-t:.Eo/kT)2 sinh (j'A2X3X/2kT)]-1. (i) 

Now for ordinary viscous flow j'A2X3X«kT, so 
, that expanding the exponential and keeping the 
first power terms only we have aft~r cancellation: 

11 = Xl kT[X2X2X3(Ft / Pn)kT / h 
Xexp (-t:.Eo/kT)]- l (8 

= (Xlh/X2X2X3) (Pn/ pt) exp (t:.Eo/kT). 

It is interesting to check the assumption 
j'A2X3X«kT. While Bridgman 8 does not give the 
exact data necessary to compute j, we can de· 
termine its order of magnitude. The annular 
space between the falling weight and the cylinder 
wall in his experiment was of the order of 10-: 
cm. The weight fell at a velocity roughly of th( 
order of 1 cm/sec. Viscosity is defined by the 
equation: t'J = jd/ t:.v where d is the distance be· 
tween the layers across which the velocity gra· 
dient t:.v is measured . 

Since 

j=t'Jt:.v/d~ 1O-2/ 10-~= 1 dyne/cm.2 

X2X3X~ V/N 
j'A2XaX ~ 102/1023 = 10-21 

T~3000K 

k ~ 10-16 erg/deg./mole 
kT~ 10-14• 

So we are justified by a factor 10-7 in assumin 
jX2X3X«kT. We develop somewhat more fuil l 
than has been done previously the form of th( 
general expression 

for the particular case of a bimolecular process 
By bimolecular we mean that molecules one antl 

two in two contiguous layers move simultane· 

l P. M. Bridgman, The Physics of High PreSS1lT1 
(Macmillan Co., 1931). 
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.. ~I'h' in slich a way as to pass each' other. If the 
(lIClr~linatcs of molecule one are XIYIZI and of two 
f,r,: ,. it is convenient to replace these with the 
Ih~t'C coordinates of the center of gravity of the 

x = (mixi +m2x2)/(ml +m2), 
y = (mIYl+m2Y2)/(ml+m2), 
Z = (mizi +m2zZ) / (ml +m2), 

and the three components of the distance be­
tween the pair X=X2-X!, Y=Y2-Y!' Z=Z2-ZI. 
Now if the direction of flow is in the x direction, 
the activated state will correspond to x = 0, and 
we can speak of x as the reaction coordinate. 
Using classical mechanics which is adequate for 
viscous flow in the cases with which we are here 
concerned, we obtain: 

(1" ,' F.)(kT/h) ~ oq i'" exp (-P 2/ 2J.L*kT)(P/ J.L*oq)dP[i:'" exp (- p2/2J.L*kT) i V

/
1dX TI 

= (kT / 2rrJ.L*)I. Vrl = (kT(ml+m2)/27rmLm2)1 Vrl. (9) 

Till' arhitmry length, oq, along the reaction 
I~,th normal to the top of the potential barrier 
i~ !'('l'n to cancel out of the final result. Here 
"t' have assumed that Fl and Fn cancel for 
.• 11 degrees of freedom except the reaction co­
(In lillate. The reduced mass in the x direction 
i, 1'"=mllll,/(mt+m2). The limits 0 to V,I for 
.r- ,\'I-X, in the above integral follow from the 
(.let that configurations of the normal state for 
whirh XI >X2, only, are to be considered. 

This then gives us 

Fn/Ft=(27rJ.L*kT)IV,I / h, (10) 

"here V, is the free volume, defined as the total 
int"~ral over that part of the potential energy 
which is due to thermal displacements of the 
I"l'nter of gravity from its equilibrium position. 

Combining Eqs. (8) and (10) w'e have 

.:0 ).1 / ).2>'2>'3(27r,u*kT) W,I exp (I:1EviB./kT). (11) 

If >. is equal to }"l, 

}"t!},,2},,2},,3=N/V 

and we have 
(12) 

~=(lIRMT)I/V(V,\/NI) exp (I:1EviBC/RT), (13) 

in which all units are now molar. Since we have 
a~~lI med the process bimolecular, we have written 
X,." = (N(mltn,jml +mz) = M/2. 

Kincaid and Eyring9 develop the equation 
1',1 = (lIuhtl) VI t where Ug is the velocity of sound 
ill the g-as and UI the velocity of sound in the 
liquid. Substituting we get 

I Kincaid and Eyring, J. Chern. Phys. 6, 620 (1938). 
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T/ = (7rRMT)IN-!(ug /UI VII) 
Xexp (I:1Evisc/RT). (14) 

Both velocities may be evaluated by the hydro­
dynamic formula U = (v/{3.) I where v is the spe­
cific volume and (3. the adiabatic compressibility. 
This becomes u"=('YRT/M)1 for an ideal gas, 
where 'Y is the ratio of specific heat at constant ' 
pressure to that at constant volume. 

We must now evaluatel:1Evi8c , the energy of 
activation for viscous flow. This energy is re­
quired to adjust the surroundings of a pair of 
molecules so that they can pass each other. At 
comparatively low pressures all that is needed is 
that some fraction of the bonds between two 
adjacent molecules and their neighbors be 
broken or stretched enough so that this pair can 
pass by each other. The energy of activation for 
vi~cous flow at low pressures turns out to be 
about t the energy of vaporization. Our equation 
now becomes 

T/ = (7rRMT)IN-i(Ug /Ul Vii) 
Xexp (I:1Ev,p/nRT), (15) 

where n is a constant lying between 3 and 5 for 
normal liquids. The fraction of bonds broken is a 
function of the type of molecule and the structure 
of the liquid. For any normal liquid the fraction 
of bonds broken will not vary with the tempera­
ture, i,e., n is a constant. Hence the empirical 
rule, T/=A exp (B/T). 

This evaluation of the activation energy for 
viscous flow holds at comparatively low pressures 
only, for only then can we neglect the work of 
expansion against the external pressure necessary 
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to make the hole in which the molecules pass 
each other. At high pressures we must add on to 
t.Evnp/nRT the term Pt. V / RT where P is the 
external pressure and t. V the volume of the hole 
formed against it. t. V will be some fraction V In' 
of the molecular volume, giving 

1/= (1r-RMT)!N-!(uo/Ul) V1-l 

Xexp (tillvnp/nRT+PV/n'RT). (16) 

n' will often vary over the experimental pressure 
range because as the liquid becomes compressed 
and the molecular volume decreases, a different 
fraction of the molecular volume is needed to 
give the same amount of space for the passing of 
molecules. Liquids such as water undergo struc­
tural changes under pressure that would natur­
ally alter rapidly the free space available for 
molecular 'passage without making an additional 
hole, thus affecting n'. 

Solids unlike liquids are not able to introduce 
a hole a fraction the size of a molecule without 
profoundly altering the crystal structure in the 
neighborhood of the molecules passing each 
other. This alteration in structure could take the 
form of a compression of neighboring molecules. 
In this case it can be estimated from the well­
known thermodynamic expression for the free 
energy of compression. This way of obtaining the 
necessary cavity permitting viscolls flow would 
be expected to be more extravagant of free 
energy than the method of over-all expansion pos­
sible in the comparatively structureless liquids. 
In fact in solids it may be cheaper from the free 
energy point of view to diffuse only where a 
molecule is omitted from the lattice than by 
distortion of a perfect lattice. 

The procedure followed in the computations is 
to use the experimental viscosity, the energy of 
vaporization, the velocity of sound in both the 
liquid and the gas, and the other terms on the 
right-hand side of Eq. (15) to determine n, giving 

TABLE I. 

n.E. n n' n'l n 
AND (THIS (MEAN (THIS ~(obs,) 

SUBSTANCE E. PAPER) VALUE) PAPER) ~ (COMPUTED) 

------
It-Pentane 3.5 4.4 7.8 1.8 1.1 
Diethyl Ether 4.5 7.8 1.6 1.9 
Benzene 2.6 3.3 5.5 1.1 0.6 
Iso-Pentane 4.4 8 1.8 1.9 
Mercury 20 11 23 2.1 2.8 
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the proper temperature variation of viscosit 
This is done over as wide a tempcrature range ,. 
the data warrant and at atmospheric preSSur, 
employing the sound velocity data of Frc)'( 
Hubbard and Andrews,tO and other data f[(, 
Landolt-Bomstein Tabellen. The values of 11 d 

tained in this way, given in Table I, are thl 
used in Eq. (16) in order to obtain values of I 
at a given temperatlire and different preSSlI f( 
The viscosity and P-V-T data are those gil'l 
by Bridgman. 8 By the use of the P-V -T data, tf 
energies of vaporization were in all cases correct! 
to the particular pressure in question. A SU III Il1W 

of the results for n' is given in Table II. 
The values of n given in column three 

Table I lie in a slightly different range than th(~ 

of Ewell and Eyring5 shown in column two I, 
cause a different evaluation of the free voili r. 
has been used here. Column six of Table 
shows that the value for n which gives the ri~' 

temperature coefficient of viscosity also givestl 
absolute value to within better than an avera, 
factor of 2 for liquids other than those c1as.<. 
as "hydrogen-bonded." 

T ABLE I I. Values of n' as computed from the data 01 
vario1ls pressures. 

Iso-
PRES- n-PEN- DI ETHYL BEN- PEN- MER-
SURE TANE ETHER ZENE TANE CURV WATFI 

kg/ em' 30°C 52.5°C 25°C 50°C O°C O'C 
------------------

1,000 6.0 5.5 8 12l 
2,000 6.9 4.7 25.0 Ii 
4,000 8.5 6.0 23.0 ! 
6,000 9.7 6.8 2U (5000)), 
8,000 10.4 7.2 

10,000 10.8 7.6 
12,000 7.9 

The individual computations of n' are sho! 
in Table II. The treatments possible for benze' 
and for iso-pentane warrant giving only 0' 

value for n'. It will be noted that n' for I 

pentane, ether, and mercury does not va' 
greatly over the entire experimental preSSL 
range, but that n' for water ranges from 124 
1000 kg/cm2 to 7.2 at 5000 kg/cm.2 This van 
tion is interpreted as follows: at low pressur 
water has an open, four-coordinated structure 

10 Freyer, Hubbard and Andrews, J. Am. Chern, S 
51, 759 (1929). 

11 J. D. Bernal and R. H. Fowler, J. Chern. Phys. I , ~ 
(1933). 
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.1IHlnt) extra volume is required for the activated 
(~ lIllplex for flow to form. As the pressure is 
illcreased, the open structure collapses, and at 
hi)! h pressures the activated complex needs as 
much extra space to form as is required by any 
other nonspherical molecule. It is probably in­
("orrect to assume that n is constant for these 
liquids at one temperature and varying pressures, 
hut the value of n' is not greatly affected by a 
considerable change in n. Table III iUustrates 

-

TAIlLE Ill. Values of n' for water for different values 
of n a! o°c. 

r (kR' r m) n =2 4 5.4 

1.000 16.1 124 
2.000 32 16 14 
3.000 19 11 9.7 
4,000 14 8.8 8.0 
5,000 10.6 7.7 7.2 

that the tt' values computed for water using 
different 1~'S converge to about the same limit 
at hi)!h pressures. 

The fifth column of Table I gives the ratio of 
the mean value of n' over the pressure range to 
the value of n. The fact that this ratio is nearly 
constant and equal to 1.6-1.8 for the four non­
lIll'tallic liquids in the table is of some sig- . 
niticance. It has been previously shown4 that the 
ener!!)' required to form a hole in a liquid the size 
(If a molecule is equal to the energy of vaporiza­
tion. Although it might be reasonable to assume 
a linear relationship between the size of the hole 
formed and the energy required to form it, the 
fact that the ratio, n' /n is not unity, but 1.75 
indicates that this is not the case. Taking the 
data for ether as an example, we find an n' of 7, 
indicating that a hole approximately 1/7 the size 
of the molecule is required for viscous flow. How-

.e\·er, the activation energy ' is 2/9 times the 
rner~y of vaporization. We accordingly have the 
interesting physical result that there is an energy 
of dissociation of large holes into smaller ones, 
i.r ., t\\'o holes, each 1/7 the size of a molecule cost 
considerably more energy than one hole 2/7 
molecular size. In case of ether, seven holes, each 
1/ 7 the size of a molecule would liberate energy 
equal to 14/9 the energy of vaporization, on 
being combined into a single cavity of molecular 
dimensions. 

VOLUME 11, JANUARY, 1940 

The ratio n' / n for mercury does not dirrer 
greatly from that for the nonmetallic liquids in 
the Table, but nand n' are themselves J1lllch 
greater. This has been previously explained:" 12 
as being due to movement of the metallic ions in 
viscous flow, rather than of the atoms. That the 
ratio of n' to n is again approximately two for a 
hole as small as 1/ 23 the size of the atom is an 
interesting fact. 

Figure 1 shows plots of observed and computed 
viscosities as a function of pressure for ether, 
mercury, and n-pentane, with constant values of 
nand n' in Eq. (16). The results of the present 
work lead us to suggest that viscosities under 
pressure may be computed with reasonable 
accuracy by Eqs. (15) and (16) by using only 
ther:modynamic data and viscosity measure­
ments at atmospheric pressure. For normal, non­
metallic liquids n' for use in Eq. (16) is equal to 
1.75 times the value of n from Eq. (15). For 
metallic liquids the factor (n' I n) may be some­
what higher but only one test case is available. 
Although it is impossible at present to predict the 
pressure effect on viscosity for liquids in which 
the molecules are bound by directional bonds 
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FIG. 1. Comparison of observed viscosities and those 
computed from Eq. (16). The values of n are 4.5, 12 and 
4.4 of n' 8, 23 and 10 for ether, mercury and pentane, 
respectively. 

11 J. Kincaid and H. Eyring, J. Chern. Phys . . S, 588 
(1937). , 
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TABLE IV. Summary of data used in the computations. 

FREE 
,PRES- VOL- OnSERVED 
SURE UME VISCOSITY 

IN (aE/ aV)T Evnp IN IN MILU-
LIQUID kg/ em' IN kg/ em' kg/em ee/ mole POlsns 

n-Pentane 1 1,640 238,800 1.21 2.20 
at 30°C 1,000 2,420 269,600 0.32 4.54 

2,000 2,310 283,050 .151 7.35 
3,000 2,110 291,010 .097 
4,000 1,480 296,950 .068 15.5 
5,000 150 298,630 .053 
6,000 -620 298,120 .044 28.5 
7,000 -1,240 296,520 .036 
8,000 -1,090 294,850 .029 50.4 
9,000 -910 293,650 .023 

10,000 -1,150 292,650 .020 90.7 

Diethyl 1 2,190 '227,500 1.52 1.83 
Ether 1,000 
at 52.5°C 2,000 2,400 272,800 .128 5.46 

4,000 1,860 286,200 .071 10.50 
6,000 970 291,800 .048 17.58 
8,000 120 293,200 .034 27.75 

10,000 1,370 291,900 .028 42.69 
12,000 -2,050· 290,400 .023 64.24 

Water 1 -162 435,500 0.439 17.92 
at O°C 1,000 +518 435,540 .292 16.50 

2,000 775 436,000 .204 17.15 
3,000 845 436,730 .149 18.35 
4,000 673 437,800 .114 19.91 
5,000 -112 438,900 .096 21.83 

. Mercury 1 12,675 599,800 0.0119 
at O°C 2,000 12,186 601,100 .0114 

4,000 12,355 602,100 .0109 
6,000 12,928 '602,900 .0105 

• At 11,000. 

(e.g., water and alcohols), the method of compu­
tation employed here yields interesting -in forma­
tion about the structure and the mechanism of 
viscous flow in such liquids_ 

In our calculation of viscosities we have 
treated the flow of individual molecules only and 
have neglected the fact that aggregates of mole­
cules can flow as units also. More precisely to the 
calculated fluidity for the single mechanism we 
should add the fluidity due to the double, triple 
and higher multiple molecule mechanisms. That 
our approximation ordinarily neglects .factors 
considerably smaller than two in the fluidity may 
be seen by comparing the theoretical or experi­
mental fluidity of molecules with values for 
molecules twice as large but 'otherwise similar. 
This aspect of the subject will be developed in 
detail at a later time. 

ApPENDIX 

Since the data used in making the computa­
tions are of some interest for their own sake, they 
are assembled in Table IV. The data for benzene 
and for iso-pentane have not been done in enough 
detail and are over too short a pressure range to 
justify their inclusion in this Table. The free 
volumes have been computed from sound ve­
locities, and the thermodynamic data are from 
the data given by Bridgman. 8 
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INTRODUCTION 

CONFLICTING claims have recently been 
advanced regarding the possibility of in­

corporating acetylsalicylic acid-aspirin-in to 
certain sugar bases as 'a solid solution. The 
original claims made regarding the existence of 
such a solid solution l have been subsequently 
denied2 as a result of certain x-ray experiments. 
In these latter experiments only x-ray diffraction 
patterns consisting of a series of sharp lines­
characteristic of a mixture of powdered crystal-

1 E. C. Merrill, Chern. Abs. 31, 5949 (1937). 
s S. S. Sidhu, J. App. Phys. 9, 546 (1938). 
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line fragments-are reported. Unpublished pre­
liminary x-ray studies of this problem made in 
the summer of 1935 yielded a diffraction pattern 
for the sugar bases consisting of a single, broad 
diffuse ring-characteristic of an amorphous or 
glass-like material. Since the types of x-ray pat­
terns obtained differ so sharply it has seemed 
worth while to examine once more the whole 
problem from an x-ray point of view. 

PREPARATION OF SAMPLES 

Sucrose and glucose were mixed with sufficient 
additional water to a~ure a complete solution of 
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